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Abstract. In this paper we consider an inverse problem for determining time - dependent heat 
conduction coefficient which vanishes at initial moment as a power t . The case of strong degeneration 
(/? > 1) is studied. To prove the existence of solution we employ the Schauder fixed point theorem. The 
uniqueness of the solution is established too. 
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1. Introduction 



p I ■ Degenerate parabolic problems arise in a lot of fields of natural and social sciences and technology 

(see, e.g., [1-5]). These problems may be divided on different classes accordingly to the way of degeneration 
with respect either to spatial variables or to time variable, weak or strong degeneration. Direct problems 
for degenerate parabolic equations are sufficiently well studied. As examples, we can mention the works 
[6-12]. On the other hand, inverse problems for non-degenerate parabolic equations are no less investigated 
[13-17]. However, inverse problems for degenerate partial differential equations are almost not considered. 
There are some works [18-20] dedicated to inverse problems for partial differential equations degenerating 
with respect to a spatial variable. 
■ In this paper we consider an inverse problem for the heat equation with unknown heat conduction 

coefficient depending on time variable t. It is supposed that the unknown coefficient vanishes at the initial 
moment as a power t@ . The case of weak degeneration (J3 < 1) was studied in [21]. Here we investigate 
the case of strong degeneration ((3 > 1). 

In a domain Qt = {(%, t) : < x < h, < t < T} we consider the following heat equation 

NO 

ut = a(t)u xx + f(x, t) (1) 
| with unknown coefficient a(t) > 0, t € (0, T], initial condition 

g; u(x,0) = <p(x), x€[0,h], (2) 

boundary conditions 

u(o,t) = Mi(t), u(M) = M*), teM, (3) 

and overdetermination condition 



a(t)u w (0,t)=n 3 (t), te[0,T}. (4) 



In this problem both u(x, t) and the coefficient a{t) are unknown, are to be determined from data 
/(x, t), <p(x), fXi (t), fi2(t), /i.3 (t ) - As a solution of the problem (l)-(4) we mean a classical solution which is 
defined as follows. 

Definition. The pair of functions a(t) and u(x, t) is a solution of (l)-(4) if the following conditions 
are fulfilled: 

(a) (o,u) € C[0,T] x C 2 ^{Q T )nC(g T ),u x {Q,t) G C(0,T}; 

(b) a(t) is positive for t £ (0,T]; 

(c) there exists the limit t nm Q -jjf- > , j3 > 1 - a given number; 

(d) (l)-(4) are satisfied. 
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Note that the analogous problem for a non-degenerate heat equation was for the first time studied 
in [22]. 

We establish the conditions of existence and uniqueness of solution for the problem (l)-(4) which 
are formulated in the following theorem. 

Theorem. Suppose that the following conditions hold: 

1) <p G C 2 [0, h];tne C 1 [0, T], i = 1, 2; M3 € C[0, T}; f e C 2 >°(Q T ); 

2) ip'(x) >0 7 xe [0,/i];/(0,i) - ^(i) > 0,/4(t) - > 0,t e [0,T];/i 3 (i) > 0,i e (0,T], ifte Mmit 

lim ^jrr > exists; f x (x,t) > 0, (a;,i) G Q T ; 

3) (^(0) = mi(0),^)=M2(0). 

Tften there exists an unique solution of problem (l)-(4). 

To prove the existence of solution, the Schauder fixed point theorem is applied. The proof of the 
uniqueness of solution is divided in two parts: first we establish it for a small time interval and after this 
we prove a global (in time) uniqueness of solution of the problem (l)-(4). 

The part of the paper that follows is composed of four sections. In Section 2 the inverse problem 
(l)-(4) is reduced to an integral equation with respect to unknown coefficient a(t). In Section 3 we study 
the behavior of u x (0,t) as t — > and we show that under the assumptions of the theorem the solution 
of the integral equation is bounded from below and above by a power with coefficients which depend 
on given data. In Section 4 we apply the Schauder fixed point theorem to the integral equation and we 
complete the proof of the existence of solution of the problem (l)-(4). In the first part of Section 5 we 
show that the integral equation with respect to unknown coefficient a(t) admits at most one solution 
on the interval [0,t\ where t > is, in general, a small number defined by given data. Then using this 
statement, we prove the uniqueness of solution of the problem (l)-(4) in whole. 

2. Reduction of the problem (l)-(4) to an integral equation 

Apply the overdetermination condition (4) to obtain an equation for the function a(t). Denote by 
Gk{x,t,^,r),k = 1,2, the Green functions of the first (k = 1) and the second (k — 2) boundary value 
problems for equation (1) 

n< +t \ 1 ^ ( ( {x-i + 2nhf 

G k (xM,r) = - 7 =—= ex P( 



+ (-l) k c*J- (x + t + 2nh)2 )) 

+ ( 1} exl \ mt)-o(T))))> 



(5) 



where 9(t) = J a(r)dr. Temporarily assuming that the function a(t) is known, we can write the solution 
o 

of direct problem (l)-(3) with the aid of the Green function 

h t 
u{x,t)= j G 1 (x,t,Z,0)<p(£)dZ + J G lc (x,i,0,r)a(r) Ml (T)dT 
o o 

t t h 

- J G u (x,t,h,T)a(T)n 2 (T)dT + J J G^t^m^dT. (6) 



Evaluate the first derivative u x (x,t), taking into account the relationships 

G lx (x,t,Z,T)=-G 2£ (x,t,Z,T) and G 2iS = _ G ^,U,r) ^ 
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and integrating by parts with using compatibility condition. We obtain 

h t 

U x { X ,t)= J G 2 (x,t,£, Oy(0d£ + J G 2 {x,t,0,T)(f(0,T)- f i' 1 (T))dT+ 


t t h 

+ I G 2 (x,t,h,T)(fx' 2 (r)-f(h,T))dT + 1 1 G2(x,t,Z,T)ft(Z,T)dSdT. (8) 



We substitute this expression into overdetermination condition (4) and we come to the equation for 

o(t) : 

h t 

a(i) = (y G 2 (0,t,e,oy(0de + y G 2 (0,t,0,r)(/(0,r)-/ii(r))dr 
o o 

t t h _ 1 

+ J G 2 (0,t,h,T)(n' 2 (T)-f(h,T))dT + J J G 2 (0,t,^,r)f^,r)d^ ,te[0,T\. (9) 



Taking into account the conditions of the theorem it is easy to verify that the function a(t) is positive 
on (0,T] and belongs to C(0,T]. 

3. A priori estimates 

In order to prove the existence of the solution of equation (9) we apply the Schauder fixed point 
theorem. First of all, we estimate the solution of equation (9). As a consequence of the second condition 
of the theorem and the explicit representation of the function G 2 (x, t, £, r) we obtain the inequality 

«,(0,t)> / mr)-^{r) 

' J -J 

This allows us to write the following inequality for the function a(t) 

«(*) < " ^ • (ID 

/(0,r)-M(r) dT 



Let 



Then from (11) we find 



J y/n(9(t)-9(r)) 



a o(t) = ^jjf-, a max (t) = ^max^ a (T). (12) 



a (t) < ^Jt). 

J VtP +1 - T^+! 



Denote 



H(t) = . (13) 
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It follows from the conditions of the theorem that the function H(t) is positive on (0, T] and belongs to 
C(0,T]. Establish the existence of the limit lim H(t). To this end, we apply the theorem on average 

T 

and change of variables z = — : 



lim H(t) = lim ^ 3(t) 



V^TT^(/(0,i)- M i(t)) 



dr 



o 



0T-1A " 3< " ■ - ■ ^ 



Denote 



' A, (14) 



then we obtain lim Hit) = y^M ^— — > o, where M = lim ^ffi . Applying (13) we 

t-+o W V^ + T(/(0,0)-Mi(0))/i «-+»t^ 



come to the inequality ao(t) < H (t) a niax (t) , which leads to an estimation of a max (i) from above 

flmax(t) < < *6 [0,r], (15) 

where H max (t) = max i?(r). Taking into account the existence of the limit lim and notation 

0<T<t t->+0 jSJi 

(14), we estimate H(t) 

Hit) < - — — = ffi, where M 1 = max (16) 

W " V^ + Tmm(/(0,t)-/ii(*)Ki [0,31 *^ V ' 

Then the estimate of a(t) from above follows: 

o(t) < Hl^t? < Hy, t€[0,T\. (17) 

Estimate a(t) from below. To this end, provide some estimates for expression in the denominator of 

h 

(8). From the equality J G 2 (x, t, £, r)d£ — 1 the first and the fourth summands are estimated 

o 

h t h 

J G 2 (0,t,£,iV(Ode < Ci, J! G 2 (0,t,t,T)ft(Z,T)dtdT < G 2 . 
o oo 
It can be easily verified that 



I G 2 (0, t, h, r)(/x 2 (r) - /(ft, r))dr < G 3 , 
o 

where Gi, G 2 , C3 > — the constants determined by the problem data. Transform the second summand, 
separating out of the series the term that corresponds to n = : 

/ 0,(0. , 0. mm r) - AirWr = -L j * 
v 

2 / /(0,r)-^(r) ^ / n 2 fe 2 \ 
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Since the integral function of the last summand has no singularities and is bounded, we estimate it by a 

8) anc 



constant. Denote a m i n (i) = min oo(t). By formula (8) and previous estimates we obtain 



a (t) > 



V/3+T /•/(0,t)-/x'i(t) 



> 



(t) J Vt^ 



r/3+1 



dr 



C 6 t" , t"v^ + T f f(0,r) - Mr) 



+ 





Taking into account (13), reduce the inequality to the form 



dr 



ao(<) - — r 



+ ■ 



From (16) it follows 



Hence, we obtain 



From here we establish the estimate 



(t)ff(t) 



/*(*) 



< c 6 t- 



ao(t) > 



.(*)> 



(C 6 t^- + l) 2 



(18) 



where H m i n (t) = min i?(r). Finally, we have for a(t): 

0<T<t 



< A < 



#min(*) 



— < ^ < ^LxW < M < oo, te[0,T]. 



(19) 



Therefore, we have established a priori estimates for the solution (9). Having a priori estimates of solution 
of equation (9), we can apply to it the Schauder fixed point theorem. 

4. Existence of solution 

We consider the equation (9) as an operator equation a(t) = Pa(t) with respect to a(t) and the 

operator P is defined by equality Pa{i) = . Denote Af = {a E C[0,T] : A Q < ^j- < Ax}. As a 

consequence of a priori estimates (19) the operator P maps N into Af. We are going to show that the set 
PAf is compact or equivalently, by Arzela-Ascolli theorem, PAf is uniformly bounded and equicontinuous. 
We have to establish that > 3 S > such that 



\Pa(t 2 ) - Pa(ti)\ < s for arbitrary \t 2 - ti| < 6, a(t) E Af. 
a(t) 



(20) 



As Pa(t) = a(t) and < A\ for all a(t) E Af we conclude that for arbitrary e > there exists 

sufficiently small number t* > 0, such that the inequality 

\Pa(t)\<s, 0<t<t*, 

holds. 



5 



Establish the inequality (20) in the case when ti > t*,i = 1,2. Assume t 2 > t\. Consider one of the 
summand which is contained in (20): 



Ri 



< 



+ 



•■■2 L l 

J G 2 (0, t 2 , 0, t) (/(0, t) - fj,[ (r))dT - y G 2 (0, ti , 0, r) (/(0, r) - ^ (r))dr 
o o 

(G 2 (0, i 2 , 0, r) - G 2 (0, t lt 0, r))(/(0, r) - ^(t))(1t 

J G 2 (0,t 2 ,0,T)(f(0,T)-^(T))d 



Rl,l + Rl,2- 



The estimate of G 2 (0,i, 0, r) [17] allows us to write 



Rl,2 < 



max(/(0,t)- M i(*)) V 2 



y ^v%hw 



+ G 7 dr 



<G 



*2 

/ 



dr 



+ G 9 (t 2 -ti). 



Apply the definition of the set Af for investigation of the first summand in J?i i2 : 



t 2 

I 



dr 



< 



0+1 



dr 



< 



+ 1 f dr 



< C\q\[T 2 — 1\. 



J y/0(t 2 ) - 6{t) " V A J I M+i _ 0+1 ~ V A 4 J Vh^ 

t\ £i y u 2 ti 

Finally, we have 

Ri,2 < Gn vfa — tl + Gg(t 2 — ti). 

From J?i,i, using the Green function representation and separating out of the series the term that corre- 
sponds to n = 0, we have 



JJi,i<^mK(/(0,t)-/i' 1 (*)) (/ 



dr 



+ 2 



exp 



/l % ■> 

o ^(* 2 ) - W) § 

^ OO 

V^i)-^)S eXP V 0(h) -°{r) 



e(t 2 )-e(T), 

dr = J?i,i,i + #i,i,2- 



Note that 



V^HW v/0(ii)-0(r) 

0(h) -0(t 2 ) 



~ y/(9(t 2 ) - #(r))(^i) - 0{T))W0(t{) - 9{t) + ^6{t 2 ) - 6(t)) • 
Then we employ the definition of the set A/": 

J?l,l,l < -1= f«(/(0,t) - Mi(*))^2 / I / 1 / 1 



dr. 
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T 

Transform this inequality by the change of variable z = — : 

h 

1 

C12 I f dz f dz 



Denote 



1 

/" dz 

= / -f= where we[l,oo). (21) 



o 

l l 



/dz f dz 

= < / . It follows that I(oj) is continuous on [l,oo). This means that for 

Vlj - zP +1 J Vl - z 



arbitrary e > there exists Si > 0, such that #1,1,1 < £ for \t2 — ti | < <5i. 
We represent #1,1,2 in the form: 



ti e(t 2 )-e(r) ^ 
^i, a = ^-«(/(0,t)-A*i(*))/ / ^(^Eexp(-^U: 



dr. 



p(ti)-9(T) 

Estimating #1,1,2 by means of inequality x n e~ x < M n < 00, x € [0, 00), n € AT, we come to the estimate 

#1,1,2 < Ci 3 |0(* 2 ) - < Ci 4 |*f +1 - < e for |*2 — *i| < *2, 

where 82 > depends on e and known data. Others summands occuring in (20) can be estimated 
analogously. It follows that the conditions of the Schauder theorem for equation (9) hold, and, therefore 
there exists the solution a — a(t) of the equation (9), which belongs to C[0, T}. 

Substituting a(t) in (6), we obtain a solution u = u(x,t) of direct problem (l)-(3) which possesses 
necessary smoothness. 

5. Uniqueness of solution 

To prove the uniqueness of the solution of the problem (l)-(4), suppose that (dj(t), 
m(x,t)),i = 1,2 are two solutions of the problem (l)-(4). Denote a(t) = a\(t) — a2(t), 
u{x,t) = u\(x,t) — U2(x,t). From the overdetermination condition (4) we obtain 

W ~ «2*(0, *)«!*(<),*) • 

or, after using the notation (12), 



ao(t) 



tPu lx (0,t)tPu 2x (0,t) fi 3 (t) 



Next, we apply the equality „ — 7 = ~k ' ; i = 1, 2, and the estimate (15): 

m«i < ^w """- (0 -",:;- (M)l (23) 

Estimate one of the summands which is contained in the expression |u2 X (0, t) — ui x (0, t)\. Denote 
h = -^= /(/(0,r)-/xi(r)) ( 1 =- — 1 =)dT 





t 



+ 4= /(/( 0) r)-/ii(r))f;f-==L 



: exp 



(t) V 02(t)-e 2 {T) 



: ex P ( - a (2 ^ a ( \ ) ) dl ~ = h* 1 + Jl .2- 
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Represent the second summand in the form: 



|/i, 2 |<^rnax(/(0,i)- M i(i)) 



t e 2 (t)-e 2 (T) 

o 0!(t)-0iM 
From boundedness of the integrand we conclude 

t 



d / 1 



\ v n=l 



n 2 h 2 



dz 



T 



|/i,2|<Ci B f \02(t)-e 2 (T)-e 1 (t) + 6 1 (T)\dT = C 15 J dr J \a 2 (a) - ai (a)\da 
o 

t t 

= Ci 5 J dr J |a (a)|CT^<7 < Ci 5 f^ +2 a max (f), 



T 

where a max (f) = max |a (T)|. 

0<T<t 

Transform I\ i to the form 



h,i = 



Z 

7^1 



(/(0,t) - - 0i (t) - 2 (f) + 2 (t)) 

- - 0i(r))(V0i(i) - 0i (r) + y/0 2 (t)-0 2 {T)) 



dr. 



Taking into account (19), we obtain 



£/3+l _ ,3+1 

|0i(t) - 0i (r) - 2 (f) + 2 (r)| < / |ao(ff)|«^<fc < — a max (f), 

H 2 ■ (t) t p+1 - t^ +1 
0,(/)-0,(r) - / „, () (a)a<,/„ > , i = l,2, 



Oj(f) 

where a j0 = —g— , i = 1, 2. 

Finally, we have the estimate of /i ; i 



\h.i\ < 



VP+TiCet**- + /■ /(0, r) - Mi (r) 



ama4 ) J y/tW-rW ' 



or if we use (13) 



o 



1,1 2^. n(i) ~ a - X (f). 



Other summands in the expression \u 2x (0,t) — ui x (0,t)\ are estimated analogously to I\ <2 . We continue 
to estimate (23) as follows: 



, , - (^6^ 2 + l) 3 ^4axft) - /.n . o/.\~ (4.\ lr, A \ 

a m ax(i) < ^774 — 77\ <Wx(f) + 6(f)a max (f), (24) 

mini* ) 

where 5(f) is the sum of terms depending on f which vanishes for f = 0. The existence of the limit 



lim Hit) > implies the existence of the limit lim — — r 



(C 6 f^ + l)^4 ax (t) _ i 



f i : < fi < T such that the following inequality holds: 



(Cef^V- + l) 3 ^ ax (f) ^ 3 



<-, fe[o,fi]. 



Therefore, there exists 



(25) 
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Hence, we can rewrite (24) in the form: 

amax(t) Q ~S(t)j < 0, (6 [0,tl]. 

There exists t 2 : < t 2 < T, such that \ — S(t) > for any t G [O,^]- We come to the contradiction. 
This implies that a\(t) = CL2(t) when t G [0, i] with i = min(ti,t2). 

Now we establish the uniqueness of the solution problem (l)-(4) for any t G [0, T]. The functions 
(a(t) , u(x , t)) satisfy the conditions 

u t = ai(t)u xx + a(t)u 2xx , {x, t) G Q T , (26) 

u(a:,0) = 0, xe[0,h], (27) 

u(0,t)=u{h,t) = 0, ie[0,T], (28) 

oi(t)« x (0,t) = -o(t)«2x(0,t) ) tG[0,T]. (29) 

Denote by G±\x,t, £,r),i = 1,2, the Green functions of the equations u t — di(t)u xx with the boundary 
condition (28). The solution of the (26)- (28) can be written with the aid of G^ (x, t, £, r) 

U(x,t)=f [G ( i\x,t,Z,T)a(T)U2K(Z>T)dSdT. (30) 


Substituting (30) into (29), we obtain the integral equation for a(t) 

t h 

a(t)u 2x (0, t) = - 0l (t) / / G^ (0, i, £, t)o(t)^ (£, t)^t, i G [0, T] . (31) 





Using the notation (12), it is easy to see that 

t h 



oo(t) - - ^ ( ( o >t) / / G^(0,t,^r)a a (ryu 2 ^,r)^dr, (32) 




or 



where 



1 

ao(t) = y A"(t,r)ao(T)dT, t G [0,T], 



(33) 



^ (t ' T) = ~ t/C 2 ( !(M) / G ^(°^^ T ) u ^r)d^. (34) 


Establish that the kernel K(t, r) is integrable, using the fact that u 2 (x, t) is the solution of the problem 
(l)-(4). From (6) we find the derivative 

h t 

u 2xx (x,t)= f Gl 2) ( I ,U,0)/KK+ / Gg ) (a:,t,0,T)(/ii(r)-/(0,T))dT 





t h 



+ y Gg ) (x,t,/ i ,r)(/(/.,T)- Ai ' 2 (r))dT + y y Gl 2) ( S ,U,T)/«(e,rK(JT. (35) 
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Substituting (35) into (34), we obtain: 



\0 

r r 

+ / GW&rMMia) - f(0,<T))da + J G™(£,T,h,v)(f(h,a) - l^{a))da 



o 

t h 



+ j J Gf ] % r, rj, a)^, a)d V da j dg = - t) E K ^ T )" 



o o 



Consider the summand K 2 (t,T), using the explicit representation of the Green functions 

#2(t,r) 



1 f f ^(a)-f(0,a) 



^ J J ((0i (t) - 0i(r))(e 2 (r) - 9 2 {aW^ 



o o 



Separating out of the series the term which corresponds to n = and m = 0, we shall estimate the 
expression 

^2,0 = 



4 7 r((0i(i)-0 1 (r))(0 2 (T)-0 2 ( ( 7))) 3 / 2 
x |c 2 cxp (- 4(0l( /_^ l(T)) - 4(0 2 (t)-0 2 (<t))) de 



™ • , C 6 , i(t)-6 , i(r)+6» 2 (T)-6' 2 (a) 

Changing the variable m the latter integral z = — \ / , , _ , , , , , we nave 

2 V (#i W - 0i(t))(0 2 (t) - 2 (<r)) 

T(t,T,a) 

9. 

K 2fi = 



7r(0i(i)-0i(T) + 2 (r)-0 2 (a)) 3 / 2 





y Z 2 CXp( — Z 2 )c?2 



where 2^)=* /*(*)"*(') " W 



2\/ (0i(t)-0i(r))(0 2 (r)-0 2 (a)) 
Integrating by parts we reduce the previous expression to the form 

K k 



2 7 r(0 1 (t) - 1 (r) + 2 (t) - 9 2 W) V / (^W r ^P^F^ 



" XiM 4 (<?!(*) - 0i (t) + 2 (t)- 02(a), 1 J 



r.cr 1 



+ 7r(0 1 (t)-0 1 (r)+0 2 (r)- 2 (<r))3/2 / ° XP( z2)dz ' 

o 

Estimating if 2i o, we obtain the inequality 



l*.,o|< 



(0i(t)-0i(r)+0 2 (r)-0 2 (a))3/ 2 ' 
Applying (19) we have 

\K 2fi \< 



(tP+1 _ ^+1)3/2- 
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Obviously, the estimates of other summands in K 2 (t, r) are similar. Returning to the estimate of K 2 (t, r) 
and using the notation (14), we obtain 



K 2 (t,r) 



tPu 2x (0,t) 



< 



f . 

o V^' 

da 



dr 



da 

_ ^+1)3/2 



(t/3+1 _ CT /3+l)3/2 ' 



Consider the integral in the latter inequality: 

T 

G?£T 



/ 



< 



+ l)/2 / ' 



( t /3+l _ ^+1)3/2 t 3(P+l)/2 J (!_ (0-/^/3+1)3/2 
2 

i3Wvf=7- 



< 



r 



da 



^3/3/2 y (t-af/ 2 





< 



Finally we have 



Ol(t)T^ 



^«2x(0,*) 



^ 2 (t,r) 



< CaoT/Vg- 1 )/ 2 < 



21 



^/ 2V ^7 - y^^y 



Other summands Ki(t,r) are estimated analogously. It follows that we get such inequality for 
K(t,r): 

Taking into account that ao(t) = for t £ [0,t], we finally have 

C22 „ C23 



\K{t,r)\< 



< 



\/i{t - t) yjt-r 



te[0,T}. 



This means that the equation (33) as a homogeneous Volterra integral equation of the second kind 
has only trivial solution ao(t) = 0. Then a(t) = 0,t € [0, T] and u(x,t) = 0, (x, t) £ as a consequence 
of the uniqueness of the solution of direct problem (26)- (28). 

Remark 1. The theorem of existence and uniqueness of solution for the problem (l)-(4) may be 
expanded to the problem with another boundary and overdetermination conditions. Really, consider 
the analogous problem for equation (1) with initial condition (2), boundary conditions u x (Q, t) = Hi(t), 
u x (h,t) — Hi{t) and overdetermination condition u(0,t) = Hs(t). Then by change of unknown function 
u x = v the given problem is reduced to the following one: 

v t = a(t)v xx + f x (x,t), (x,t)eQ T , 
v(x,0) = <p'(x), x e [0,h], 
v(0,t) = /ii(t), v(h,t) =M*), te[o,T], 
a(t)v x (0,t) = /4(t)-/(0,t), t€ [0,T]. 

Remark 2. The assumptions of the theorem on functions tp and / may be relaxed and reduced to 
the following conditions: ip € C 1 [0, h],f& C 1 -°(Q T ). To check this statement, it is sufficient to study the 
behavior of the corresponding summands in (35). 
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